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The passage to approximate one-dimensional equations from the three-dimen-
sional equations of elasticity is possible in the theory of rods exactly as in
the theories of plates and shells if the displacements vary much more slowly
in the longitudinal than in the transverse direction, i.e., in the case of long-
wave vibrations in the longitudinal direction. In the low frequency case in
dynamics, this condition results in the hypothesis of plane sections, Gener-
ally speaking, the hypothesis of plane sections is not true for high frequenc-
ies; the displacements can be rapidly oscillating functions of the transverse
coordinates, The classical equations of the theory of rods, based on the hy-
pothesis of plane sections, describe low-frequency vibrations, By using a
variational asymptotic method below, displacement distribution over the
section of a circular cylinder are found, and one-dimensional equations are
derived in the case of free high-frequency long~wave vibrations of rods.
These distributions have been obtained in [1] by asymptotic integration of

the three-dimensional equations, however, the one-dimensional equations

of high-frequency vibrations were not constructed there.

First-approximation equations in the geometrically nonlinear theory of anisotropic,
inhomogeneous rods have been derived earlier [2], as have been the refined equations
of rod bending vibrations [3] and the plate free high-frequency vibrations equations
4.

1. Letus consider the free vibrations of a rectilinear elastic rod of length 2/ and
constant cross section 2, Let us select the axes of the Cartesian coordinate system
Z, z* (the Greek superscripts take on the values 1, 2) so that the rod axis in the under-
formed state would coincide with the x ~axis and the axes 1% would lie in the cross-
sectiona] plane, The center of gravity is set at the origin. We denote the projections
of the displacement vector on the =, * axesby w, wy and the rod cross-sectional
diameterby 22 (<€ l). We consider the rod ends to be rigidly fixed
w= wg =0, z ==L (L1
The equations of tfree rod vibrations are extremals of the Lagrange functional [5]
2
I— SdtSAdV, A= U — 5 p (W + w, w™) (1.2
A

2U = ©(we®)? + 2w we + (A + 2p) wad + 2pwes WP +
2% (w,oc -+ woc,x)(w’a -t w,xa)
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Here V is the volume occupied by the rod, p is the density, U the elastic energy,
A, P the Lamé parameters, The comma in the subscripts denotes differentiation,
and the parentheses denote the symmetrization operation,

2. We obtain the equations for the high-frequency vibrations by a variational asy-
mptotic method [2].

Let us retain the asymptotically principal terms in 2 in the functional (1, 2)
1
- - (2, 1)
7= {dt [Rdx
H A

IA = MWw,e*)? 4 2pwia, g0 + pwaw® — o (w,& + wy w,*)>
4> = %S A4dQ

Q

The extremals of the functional (2, 1) agree with the extremals of the functional
ta
{ Rat
31
Varying this latter, we obtain the equations

A

4 )
3 —_ = 2.9
aza w-‘v + zp' 8zﬁ w(a: B) pwa, tt 0

lw,??va + 2pw(a,5)v5 =0 on T
pdw —pw,y =0, ow/0v=0 on T

Here I' is the corss-sectional outline, v* are components of the external normal v
to the contour I', and A is the Laplace operator in the variable Z%.

Equations (2. 2) govern two series of vibrations F, and F j (the symbol 1L s
used if the transverse displacement 1wy, is very much greater than the longitudinal w,
and the symbol | otherwise),

Let us assume that w, w, depend on time according to the harmonic law

w = woei(nt’ Wy = wa°ei°”
We shall henceforth omit the superscript for w° and @,°, The solutions of (2. 2)
have the form
Fiiw=0, wg=ufa(z, o)) (2.3
Fyp: w=19G 2% o), wy=20

It is convenient to write the expressions for f; and G for a circular rod of rad-
jus & in the polar coordinates » @ in the plane of the rod cross section

,, B
fa = B(Fr(rr )22 + folr, 8) 25 @9

r

1,07, 8) = [ AT (ar) + - T (Br) ] cos n
fo(r, 8) = — [A —;—Jn(ar) + T (ﬁr)] sin nO
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2n (hJ5' (BR) — Jn (BR))
4= 2hT, (ah) + (A2B* — 2n%) T, (ah) (2.5)

_ _o g _1y R . _1
G=J,(fr)cosnd, a= cl’ﬁ—%’ cl—]/ - ’62'"]/p

Here n is an integer, J, is the Bessel function of the first kind of order n (the
prime denotes the derivative with respect to r ) and Egg is the Levi-Civita tensor.
Therefore, fo ~ 1, G ~ 1.
The quantities u, 1y are functions of z, harmonic in time with the frequency
® , which are determined in each series from the appropriate dispersion equation

Fy: [2hd,) (ah) + (B*h? — 2n2) J, (ak)I(2k],’ (BR) + (2.6)
(B*h* — 2n%) J, (BR)] =
4n? [RJ," (ah) — J,, (ah)lRd,’ (Bh) — J, (BR)]

F“I J.n' (ﬂh) = 0

which are obtained from the condition of no stresses on the side surface of the rod,

In each series there is an infinite number of kinds of vibrations (branches) corres-
ponding to different values of @ , the roots of the appropriate dispersion equation for
each n > 0.

For n = ( the dispersion equation (2, 6) of the series F, reduces to the prod-
uct of two factors, One yields the dispersion equation for the tension— compression vib-
rations over the thickness; hence the radial component of the displacement  f, is
independent of 6 and fs = 0. The second factor yields the dispersion equation
for torsional waves characterized by the presence of just one displacement component

fo independent of 0.

For n = (O the series F' yields longitudinal axisymmetric vibrations. The

corresponding dispersion equation has the form

Ji(pr) =0
For n > 1 we have a family of bending waves which we shall examine later,
In conformity with conditions (1,1), we consider that the functions are
u=v9v=0, z=4I (2.7
Without limiting the generality, we also consider that % ~ ¥ ~ 1.
3. Letus first examine the series F . Considering u a given function of ¥

wefind w (w = 0 in a first approximation), Retaining only the principal terms
containing w in (1, 2) and the principal cross terms, we arrive at the functional

4
1) =5 <20 g+ p @+ o) (0 o+ fo0,,) + patuty da

b

whose variation will yield an equation and boundary condition for w
(A + ) uafo® + pAw + po'w =0 (3.1
0w/ ov = —u f*vg on T

The solution of (3, 1) has the form
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W= UL (2 )
For a circularrod (A is given by the first formula in (2. 5))

T (BR) + 24T, (ak) b
gmh[AJ,.(ar)——J,,(ﬁr)" @ ;Z.’(ﬁh) (o%) ]cosnﬂ

Therefore, g is of othe order of A.

The next correction to W is found analogously: w is determined, and Wy is
sought in the form wg, = ufy + wy’, and the principal terms in Wy in the princi-
pal cross terms are kept in the Lagrangean,

Because of the redefinition of u the constraint

<wa/fa> —_— O (3. 2)

can be imposed on wq .
We arrive at equations goveming the functions g’
Wy = Uonetln (8.3)

2
A g.3+2“’a—ﬁ"g<m,ﬁ)+pm2ga=“fa“(x'l"p‘)g»a

az*

as a result of varying the functional under the condition (3, 2).

Here % is a Lagrange multiplier corresponding to the constraint (8, 2). 1t is seen
from (3.3) that gy ~ A%, The explicit form of the solutions of these equations is
not needed to construct the one-dimensional equations,

4, Formulas for the displacements of the second series are obtained by the same
means, Considering ¥ a given function of z, wefind Wa (W = 0 ina first
approximation), Retaining only principal terms containing wg and the principal cross
terms in (1, 2), we arrive at the functional

!
1y= 5 P+ 200 396 + 2w, po P -+
-1

2p9G, 0w %+ poiwew®) dx

whose variation yields an equation and boundary conditions for Wy

Wa = $1aGo (2P) (4.1

a 2]
A @G} + 20 5 Gy + PGy = — (A +p) Ga
AG’v?Va, ‘“Jr‘ 2”G(a,ﬁ)’\7|3 = ——KG'Va on I

It follows from (4. 1) that Gy ~ ' h.
The solution for a circular rod has the form

Goc = Q.a -+ Eaﬁq;,f}
@ = [B%-J <Py +MJ, (ar)] cos nb
Y = NJ, (pr) sin no
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The constants M and N are determined from the boundary conditions on the side
surface I’

27, (Bh) 2n2 — (n? — Peh2) (202 — B2A2)
M= B Jn (ah) [(2n® — BRR2)2 — 4n2| - 2822, (ah) 2
N = 2n By (0h) 4 2k (n® — B2 — 1) /' (ah)

"B Jn (ak) [(20% — BFRRE — 4n?] T 20°R5T, (ah)

Furthermore, the correction to w is sought: it is asumed w = ¢G + w', where
P, G are considered known,and i’ is found by variation of the functional in which
the principal terms in w’ and the principal cross terms are retained, Because of a
redefinition of vy the constraint
Gw'> =0 (4.3)
can be imposed on w’.
We arrive at equations govemning the function w’
w =P H (2%) (4.9

AH 4 po*H = G + (1— B5) g2
O0H/ v = — Gyv* on T

as a result of variating the functional under the coandition (4, 3),

Here %° is a Lagrange multiplier, It follows from (4,4) that H ~ h?. The expli-
cit form of the function H is not required for the construction of one-dimensional
equations,

5, Now, letus assume that u, { are arbitrary functions of * and {. Evaluat-
ing {A) in(1,2) for each branch and keeping components of the order of 2~% and
1, we obtain

Fi: 24A> = QW (fo®)? + 2 Moty o8 + 2 ptu¥ g gy f@B) + (5.1
P‘u,xa (fa. + g,a) (fe + g% — p (""%ctg2 + u,tzfafa) )

FII t2 A = <}“sz,aG’a + ‘p,xE [A (G + G,aa)z +
20 (6 + Gap G@P — G GI] — p (WluGaG + /6%

The average Lagrangean for the lowest branch of F, correspondingto ®, = 0 s
not written down here since this branch is described by the classical Bernoulli —Euler
equation,

Let us note that the functions g, and H did not enter into the average Lagrang-
eans because of the constraints (3. 2) and (4. 3).

6, The vibrations corresponding to any two different branches with an error no
greater than the magnitude of the terms kept in the Lagrangeans are orthogonal in the
elastic and kinetic energies

! !
f (o¥e;;> dr = 0, J (w fwi, > dz =0
12 517 2
Here w;, 0V, ¢; j are the displacements, stresses and strains, the indices 7 and 2
denote their values for different branches, and the indices i, j run through the values

0, 1, 2.

(6.1)
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Equations (6, 1) are verified by direct substitution, The equations and boundary
conditions which the functions f,, g. g, and G. H, G, satisfy, as well as the
boundary conditions (2. 7) at the rod ends are used here.

The orthogonality in the energy means that the vibrations corresponding to differ-
ent branches are independent,

7. We obtain equations of the series /', and F, of free high-frequency rod vib-
rations by varying the functionals (5. 1), These equations have the form {®; and
o are the roots of the appropriate dispersion equations (2. 6)):
00y (0 %0 + Uy) = biUy + PO U ey
pay (@™ + ) = bybn + 0€ b anre
= Q {of*, by = pa; +po % — A+ p)d; + pey

1= QGg, di= 020, e = {gfavdl

(7.1

ay= Q<K by =M+ 2p)ay 4+ poy%y + M+ n) dy — ney
= Q(Ga6%), dy=0Q<GGES, ey= | GCavdl
r

For a circular rod of radius %

nla, = A2 {nJ, (ah) J, (ah) + Y, (a®h® — n?) J,? (ah) +
Yy K23, (ah)} + 2 AnJ, (ah) J, (Bh) -+ T, (Bh) J, (Bh) +
Y, (B2 — n?) J,2 (Bh) + Yo B2, (BR)

ale, = A? [(a®h? — n?) J,2 (ah) + BT, (ah)] / 202 -
32 [(B*R? — n?) J,.2 (ﬁh) + g, (ﬁh)l / 2p? —
2ABRIJ, (ah) J," (BR) — J, (BR) T, (@h)]/ (a® — B?)

nld, = ABa?h lJ, (@h) J," (Bh) — T, (BR)J, (ah)] / (a® —
B2) — 1, A% [(ah® — n?) J,2 (ah) + KT, (ah)]

nle, = kAT, (k) — BJ, (B AT, (@h) +n/hJ, (BR)1

n
s 3
BWJ(%/ X

4hT ! (ah) Iy (Bh) — 205 (BR) T’ (wh) + h71 (B2h2 — 2n2) T (ah) T (Bh)
T, {ak) +Thﬁ~ 20y T, (0R)

oty = o (B2 — 1) J,2 (Bh) + KT (Bh))

e = o U (B) T (o) — T (ah) T, (BB)] —
g (B2 — %) T2 (BR) + 12T, (BR)]

7tey = o (B) [ i I’ (BR) + MAJ. (ah) + Nndo (Bb)]

w-ley = (N2 4+ B0 {hJ, (Bh) . (BR) 4 /o [(B*R* — *) J.* (Bh) +
BT (BR)TY - M2 {RJ ) (ah) T, (ah) + Y [(aPh? — n?) T2 (ah) +
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1T, (@h)]} -+ 2MNnh-A , (ah) T (BR) + 2NnR-182T 2 (Bh) +

@ — o g5 (027 (ak) 2 (Bh) — BT (ak) T, (BR)]

The quantity A is defined by the first formula in (2. 5), while M and N are defined
by (4.2).

The approximation constructed in the paper has an error of order h. In conform-
ity with this, the boundary conditions (1, 1) are satisfied to the accuracy of terms of
order h (since w = u,g ~ h). Therefore, the residual in the boundary conditions
induces an error of the same order of smaliness in the solution as does replacement of
the equations of three~dimensional theory of elasticity by the approximate one-dim-
ensional equations,

8, As an illustration of the application of (7. 1), let us consider the problem of
the high-frequency free vibrations of a rod of length 21, clampedrigidly at the ends.
The solution of (7, 1) under the boundary conditions

u(=D=u@Q)=9(=)=9@=0
is constructed by separation of variables. Consequently, we obtain
Uy = (A4, €08 Yyt -+ By, sin P, t) sin Az (8.1
P A -
)/ Seramy =
where m is an integer, ® is a root of the dispersion equation (2.6), and @, b, ¢ are
coefficients in the first equation in (7, 1),
The solution has the same form for the functions ¥m but the coefficients a, b, ¢ and
the frequency @ are evaluated by formulas corresponding to the series F.

The solution obtained has the following meaning, High frequency longwave harm-
onic vibrations with frequencies ©, and ® are possible in an infinite rod, the dis-
placements are hence constant along the rod but vary as the functions £ (%), 1y, (zF)
or G (z%), G, (s) in the transverse coordinate. If the rod is clamped at the ends,
then a slowly varying field along the axis is superposed on the constant displacement
field along the longitudinal coordinate, The natural frequencies vary and will differ
from ®. The second formula in (8. 1) again yields the correction to ©. Hence,
although the formal solution (8. 1) is valid for any integer m, the values of m should

be limited in such a way that ¥m evaluated by the second formula in (8, 1) would not
be too different from o.
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